SUMS OF NORMAL ENDOMORPHISMS

BY
NICKOLAS HEEREMA

1. Introduction. It is, of course, well-known that the set of endomorphisms
of a commutative group G form a ring R with respect to the usual definition
of sum and product of endomorphism, i.e., for 7; and 7. in R, mn. and 9141,
are given by nmz(x) =m1(n2(x)) and n1+n2(x) = n1(x)n2(x).

If G is not commutative the situation is quite different. For one thing
sums of endomorphisms need not be endomorphisms. For another the endo-
morphisms of G generate a near ring of mappings, a system which satisfies
all the ring axioms save two. Addition is not necessarily commutative and
one of the distributive laws need not hold.

Fitting investigated the structure of the algebraic system E consisting of
the set of all normal endomorphisms of G and the above operation [1](*). E is
like a ring save that sum is not defined for all pairs of elements.

This paper is concerned with closure properties in E and with the larger
system of mappings K ¢ generated by the elements of E with respect to sum
and product. K g is shown to be a ring. Here, and henceforth, the word endo-
morphism designates a mapping which is either an endomorphism in the usual
sense (here called a direct endomorphism) or a skew endomorphism. If nis a
direct endomorphism then —7, given by —n(x) =9(x)"1, is a skew endomor-
phism and conversely. Thus propositions about direct endomorphisms can be
dualized.

The propositions on closure in E are given in Theorems 3 and 6. The
related proofs bear heavily on the fact that a direct normal endomorphism 7
is idempotent on the commutator subgroup.

If G is noncommutative, has no nontrivial direct abelian factor, and satis-
fies the ascending and descending chain conditions, then 5 is nilpotent if and
only if # maps G into its center.

It is well known that the sum of two direct normal automorphisms is an
endomorphism only if G is commutative. Their difference, however, is an
endomorphism into the center in all cases. It follows that, if G fulfills the
above conditions and is indecomposable, K¢ is generated by the identity
map and the endomorphisms into the center (Corollary 6.2).

The following lemma is well-known.

LemMA 1. If 01 and 1, are normal endomorphisms on G then n1+n2="ns4n.
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Let ni= D f.; mui and ;= 2 ., 7s; be sums of normal endomorphisms.
Then

) = 1 2 oni) = m 1T )] = 2 | I e |

=1 =1 i=1

= IkI nu[ﬁ ﬂzi(x)] = ﬁ [n1m2i(%) ].

i=1 1=1 t,7=1

Thus a product of sums of normal endomorphisms is again a sum of normal
endomorphisms.

THEOREM 1. K¢ 15 a ring.

Proof. The additive inverse of a normal endomorphism is again a normal
endomorphism. Hence, in view of Lemma 1, K¢ is a commutative group
with respect to addition. The only ring axiom requiring verification is the
left distributive law which can be established as follows.

Let 71 and 7, be arbitrary elements of K ¢ and let n denote a normal direct
endomorphism. Then

2l 4+ 7](2) = a[m(@)na(x)] = (@) mma(x) = nm1 + ma(2).

Thus, n(n14n2) = 9m1+71m2. The conclusion also follows if 5 is assumed to be
skew by Lemma 1. A straightforward finite induction argument on the num-
ber of summands in n completes the proof. K ¢ will be referred to as the nor-
mal endomorphism ring of G. The symbols e and 6 will denote the unit ele-
ment and zero of K g respectively.

2. Closure properties.

THEOREM 2. If 1 is a direct normal endomorphism on G then n*(z) =1n(2) for
all &€ C g the commutator subgroup of G.

Proof. Let z=xyx~1y~1. By repeated application of the normality property
we obtain 7(2) =n(xyx~'y™Y) =n()n()n=) ") =71 [n(x)yn(x) " In(y~)
=7 [n(x)yn(x)"ty= ] =n[n(x)n(yx=y~1) ] =n*(xyx~1y~1). Thus 7(z) =7%(z) for
a set of generators of C¢ from which Theorem 2 follows.

COROLLARY 2.1. A normal direct automorphism on a group G leaves the
commutator subgroup elementwise fixed.

Proof. Applying ™! to both sides of the expression 7%(z) =7(z) yields the
result.
The symbol 9(X) shall denote the set of elements 5(x) for xEX.

COROLLARY 2.2. The kernel K of a normal nilpotent direct endomorphism n
on a group G contains the commutator subgroup of G and 1(G) is contained in
the center Z g of G.
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Proof. By Theorem 2, 5 induces an idempotent nilpotent endomorphism
on Cg which then must be the zero map. The following equality is equivalent
to the remaining assertion of the corollary:

y (@) ym(x)7t = n(ytxy)n(a?) = 9(ylayx™) = e
for all x and ¥ in G.

COROLLARY 2.3. Let G satisfy the ascending and descending chain conditions
for normal subgroups. Let H and K denote indecomposable noncommutative
direct factors of G. There exists a normal automorphism of G mapping H onto K
if and only if Cq=Ck.

Proof. Let 5 denote a normal automorphism of G which maps H onto K.
Then Ca=%(Cn) CCx and Cx=79"1(Cx) CCx. Hence Cy = Ck.

Conversely, let HXH;X - - - XH,and KXK;X - - - XK, be direct de-
compositions of G into indecomposable subgroups. By the Krull Schmidt
Theorem [2, p. 156] there is a normal automorphism n which maps H onto
K or some K;. Since Cy = Cx#e it follows that n(H)=K.

Corollary 2.3 implies that if H and K are indecomposable direct factors
of G either Cy=Cg or CgNCx=e.

Let N, 4, and E represent the sets of normal nilpotent (necessarily
direct) endomorphisms, normal direct automorphisms and normal direct
endomorphisms of G respectively.

If 71 and 9, are in E then

(1) m = ma(xy) = [0 — 72(2) ] [m2 — m2(9) ] me[m(xya—ty=1) (yxy~12~1)].
In order to verify relation (1) we observe that
71— m(2y) = [ — 72(2) | [m1 — 12(9) |- [12(9)ma(9) 02 2) ma(3)ma(9) " Mma() 1],

The third expression in brackets can be rearranged to obtain relation (1) by
making repeated use of the normality property as follows.

I

12(3)n2 [11(y) " 2n1(y) In2(y) "ma(2) 2
= na[ym(y)tami(y) yta1]

= ne[m(y) " yam(y) atytyxyta]
= m[m()m(yzyzty ) yxyta]
n2[m(zyaty~ (yxyta~l].

12(¥)1m1(y) "2 (%)n1(3) 12 (y) " na(x) 2

Relation (1) shows that if 7, leaves commutators fixed 5; —17; is in E. More-
over, if 7, also leaves commutators fixed 7: —72(Cg¢) =e and hence 71 —72(G)
CZg. We have established the first part of Theorem 3. The remainder is a
direct consequence of Corollary 2.2.

THEOREM 3. If mEA and 7.EE then m—n.EE. If also 7.€A then
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m—n2(G)CZes. If MmEE and 7, &N then m—nE€E. If also mEN then
m—n2(G)CZe-

One would not expect to be able to tell as much about a normal endo-
morphism by its behavior on Cg¢ if G contains a nontrivial direct abelian fac-
tor as otherwise. As a matter of fact if G does satisfy the ascending and
descending chain conditions for normal subgroups and does not have a non-
trivial direct abelian factor the above results (Theorem 3) can be sharpened.
To this end the following results are useful, where it is assumed for the re-
mainder of this section that G is noncommutative and satisfies both chain condi-
tions.

LEMMA 2. If 7 is a normal direct endomorphism and n(Cg) = Cqa then the
kernel H of n is contained in the center of G.

Proof. For y&G and x&H we have

n(xyx~ty™t) = n(x)n(y)n(xHn(y™?) = 2(y)n(y™) =e.

The condition 7(C¢) = C¢ implies that 7 leaves commutators fixed. Thus
xyx~ly~l=¢, xy=yx and the lemma follows.

THEOREM 4. If 7(Cg) = Cq, where 0 is a normal direct endomorphicm, either
G has a nontrivial direct abelian factor or n is an automorphism.

Proof. By Fitting’s Lemma [2, p. 155] G= Y ®G;, for a suitable integer &,
where Y is the radical of 7 and G, =17*(G). If 5 is not an automorphism Y is
not the trivial group. Now every x in Y is in the kernel of 4™ for some n. Since
7(Cg) = Cg if 7(C¢) = Cg it follows by Lemma 2 that every x in Y is in the
center of G, hence Y is a commutative group.

THEOREM 5. If 7(Cq) =e, where 1 is a normal direct endomorphism, either
G has a nontrivial direct abelian factor or n is nilpotent.

Proof. G= Y ®G; as above. Also, since Cg is in the kernel of 5, 7(G), and
hence Gy, is commutative. Thus, either G, =e and 7 is nilpotent or G has a
nontrivial direct abelian factor.

THEOREM 6. Given that G has no nontrivial direct abelian factor, then
(2) N is a group with respect to addition;

(3) m—nEA and m+n.E4 for niin A and 9z in N;

(4) 171—7]2€Nf0f m m A and N2 mn A.

Proof. By Theorem 3, 71—, and 7:-+7; are normal direct endomorphisms
in each of the above cases. That they are nilpotent or automorphisms in the
different cases is shown by applying Theorems 4 or 5 after observing the
effect of each on Cg.

It follows from Theorem 6 that the direct normal automorphisms of a
group which has no direct abelian factor are entirely determined by the set
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of normal nilpotent direct endomorphisms as indicated by the following.

COROLLARY 6.1. Given that G has no nontrivial direct abelian factor, G has
a direct normal automorphism other than the identity map if and only if G has
an endomorphism into its center other than 0. Every nEA is of the form e+
where {EN and conversely every such mapping is in A.

Proof. If G has distinct direct normal automorphisms 7, and 5. then
m—n2 is nilpotent by Theorem 6 and distinct from 6. By Corollary 2.2,
71 —12(G) is in the center of G. Conversely, if 7 is an endomorphism such that
7(G) is in the center of G then 7 is normal direct nilpotent. If 760, e+ is a
normal direct automorphism distinct from e. The remainder of the corollary
follows directly.

COROLLARY 6.2. If G is indecomposable K g is generated by € and the set N.

Proof. The result follows from Fitting’s Lemma, which asserts that if
nEE then nEN or nE4, and Corollary 6.1.

THEOREM 7. Given that G has no direct abelian factor. Then, if Cq has index
n and Z g has order m, G has a normal nilpotent endomorphism different from 6
and hence a normal direct automorphism different from e if and only if n and m
have a common factor other than 1.

Proof. Let p1 be a prime which divides both # and m. The order of
G/Cg is then a multiple of p. It follows that G/Cg¢ is homomorphic to the
group G, of order p. Moreover, since p divides the order of Z¢g, Z¢ contains a
group of order p. It follows that G possesses an endomorphism ¢ ( #6) into
Z . By the proof of Corollary 6.1 { is normal nilpotent. Also, by Corollary
6.1, G has a normal direct automorphism other than e.

Conversely, if 7 is a normal direct automorphism of G then {=¢—7 is
normal nilpotent and is an endomorphism into Zg. The order & (#1) of {(G)
divides the order of Zg. Let K denote the kernel of {. Then KD Cg and the
index of Cgq equals % times the index of C¢ in K.

These results are related to Fitting’s Theorem 7 [1, p. 533] which states
that if G is indecomposable N is a two-sided nilpotent ideal in E and E has
the property that every 7 in E and not in N is a unit. Fitting’s definition of
a two-sided ideal in E is like the customary definition save that, as in E,
sum is not defined for all pairs of elements. Theorem 6 and Corollary 6.1
imply that N is a ring in the usual sense and that N and e+ N are the only
cosets of E (mod N).

3. Characterization of mappings in K.

THEOREM 8. 4 normal mapping n on a noncommutative group G is a sum
of n normal direct endomorphisms each of which leaves Cgq elementwise fixed if
and only if 0 has the following properties.
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) (%) yn(x) = &~ "yan,
(6) n(xy) = n(x)n(y) [y"a="(xy)"].

Proof. In proving Theorem 3 it was actually shown that if 9, and 7. EE
and if 7;,(Cq) =Cq (=1, 2) then 5, —n, is an endomorphism into the center.
This implies that 7 is as in Theorem 8 if and only if y =ne+{ where {(G)CZg.
(o establish the necessity of the conditions we may assume then that
n=ne+{. Thus

7(x)yn(x) =« (x)Tyxn(x) = a7y
and
n(xy) = (xy)"(xy) = 2"¢(®)y"(9) [ya=(29)"] = n(@)n(y)y~"a~"(xy)™

To verify the sufficiency of conditions (5) and (6) we use an inductive
argument. If =1 relation (6) asserts that 5 is a direct endomorphism. Also
by property (5), which then holds,

n(y talyx) = yin(x)lyn(x) = ylamlyx

and, hence, 7 is the identity mapping on Ceg.
Assuming the conditions sufficient for all 1 <# <k we assume # =k and let
m=n—e We have

m(2) " ym(x) = an(x)tyn(x)a™t = Dyl
Also,
m(zy) = n(xy)(xy)~! = 9(@)n(y)y"x " (xy)"(xy) 7"
Thus, remembering that 7(z)~'z=2z7(2)"!, we have
m(xy) = m(@)mi(y) [yn(y) " an(x) "t (x)n(y) y~"a="(xy)*].

Using property (5) the expression in brackets reduces to y~¢—Dx=("=D (xy)"~1,
Thus by the inductive hypothesis #; is a sum of £ —1 normal direct endomor-
phisms each of which is the identity on C¢ and since n=7:+¢ the theorem is
proved.

COROLLARY 8.1. A normal mapping ¢ is a sum of k normal skew endo-
morphisms each of which is the negative of the identity mapping on Ce if and

only if

(N C(x)yg(x)7t = a7 yx”
and
(8) S(xy) = (xy)~ 2"y ()¢ (%).

Proof. The corollary follows directly from the fact that { is a sum of &
normal skew endomorphisms each of which is the negative of the identity on
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Ce if and only if —{ is a sum of & normal direct endomorphisms each of which
is the identity on Cg, the fact that —{(x) ={(x)~! and Theorem 8.

THEOREM 9. If G satisfies both chain conditions and is indecomposable n
belongs to K g if and only if 1 satisfies relations (5) and (6) or relations (7) and
(8) for some n=0.

Proof. The conclusion is immediate if G is commutative. Fitting’s Lemma
implies that if G is indecomposable and 7 is a normal direct endomorphism
then 7 is either an automorphism or nilpotent. Thus, in view of Theorem 6, a
sum of normal endomorphisms is a sum of # normal direct automorphisms,
of # normal skew automorphisms or is nilpotent. This, in view of Theorem 8
and its corollary, implies the theorem.

Theorem 9 can also be stated in the following manner.

If G satisfies both chain conditions and is indecomposable % belongs to
K ¢ if and only if either 5 or —7 satisfies relations (5) and (6) for some #=0.

Let G, for ¢=1, - - - | n represent arbitrary groups. With each element
n=mn1, * *, Ma in the direct sum K=K¢g® - - - ®Kgq, we associate the
mapping 7’=9{ + - -+ +u. where n!/ =n:e! and e/ is the projection of

G'=G:® - - - ®G. onto G;. This correspondence is an isomorphism between
K and a subring K’ of K¢. Thus 9’€K’ if and only if ' =9{ + - - - +9/
where 9/ is induced by 7;EK g, for =1, - - -, n. K and K’ are identified in
the following theorem.

THEOREM 10. Let G'=G, ® - - - ®G. where the G; are arbitrary groups.
Then " €K g if and only if n' =n{ +n; where n{ EK¢,® - - - ®Kg, and 9
is an endomorphism into the center of G.

Proof. The sufficiency of the condition follows from the above discussion
and the fact that an endomorphism into the center is normal.
To establish the necessity of the condition we note that if ' €K ¢ then

W= (el e eDnel -+ e)
=eln'el + -+ elned + 2 eln'e}
i
where e;n'e! is induced by an 7; in K¢, and 9f = X ..; e/n’e] is a sum of
endomorphisms into the center of G and hence is an endomorphism into the
center of G.
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